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1. BBEflEHHE 

O^HHM H3 cnoco6oB o6o6m;eHHa: /i,H(|)(|)epeHE,HpoBaHHH HBjiaeTca J-flHcJxJ^epeH- 
ii,HpoBaHHe. IIo/i, 5-flH4)(|)epeHLi,HpoBaHHeM ajire6pbi A, npn S — 4)HKCHpoBaHHOM 
sjieMCHTC ocHOBHoro nojiH, Mbi noHHMacM jiHHeiiHoe OTo6pajKeHHe (j) : A ^ A, 
TaKoe HTO fljia nponsBOjitHbix x,y d A Bcpno 

<f>{xy) = S{(l){x)y + x(j){y)). 

B CBoe BpeMH, (5-flH4)4)epeHD;HpoBaHHH Hsy^^ajiHCb b pa6oTax [T]-[12', r^e 6ijIjih onn- 
caHBi (5-flH4)4)cpcHD;HpoBaHHH ncpBHHHbix jiHCBbix yLi2|i nepBHHHbix ajiBTepnaTHB- 
Hbix H MajiBn,CBCKHx [3j ajire6p, npocTBix [SJ [7] h nepBHHHbix [5] jihcbbix cynepaji- 
re6p, nojiynpocTbix KOHCHHOMepHBix iiopflaHOBbix ajire6p O [7] h cynepajire6p 
13 [3 [8, lOj, ajire6p OnjinnnoBa MajiBix pasMepHOCTeii h npocTbix KOHCHHOMepHbix 
ajire6p OnjinnnoBa [12|, a TaKJKC npocToii TepnapHOH ajire6pbi MajibE,eBa Afg [12J. 
B nacTHOCTH, 6bijiH nocTpoenbi npHMepti HeTpHBnajibHbix (5-;];H4)4)epeHi];HpoBaHHH 
fljiH HCKOTopbix ajire6p JIh [2, 4, llj, npocTbix HopflanoBbix cynepajire6p [8. ,10) h 
HeKOTopbix n-apHbix ajire6p OnjinnnoBa |12| . 

B TO>Ke BpcMs, (5-flH4)4)epeH]j;HpoBaHHe jiBjiaeTCH nacTHbiM cjiy^acM KBasHflHcja- 
4)epeHn,HpoBaHHH h o6o6LLi,eHHoro flH4)4)epeHD;HpoBaHHH. Ilofl o6o6meHHbiM flncj)- 
4)epeHn;HpoBaHHeM D mm noHHMacM laKoe jinneiiHoe OTo6pa>KeHHe, hto cymecTBy- 
lOT jiHHeiiHbie OTo6pa>KeHHH E vl CBasanHbie c D ycjiOBHCM, TaKHM hto fljia 
npoH3BOJibHbix x,y ^ A Bcpno 

D{xy)^E{x)y + xF{y). 

EcjiH Bflo6aBOK K STOMy E — F, TO D — KBa3H/],H4)4)epeHn,HpoBaHHe. Tpoii- 
KH (D,E,F), rfle D — oGoGmennoe flH4)(|)epeHLi;HpoBaHHe, a, E,F — CBHsanHbie 
c HHM jiHHeiiHbie OTo6pa}KeHHH, HasbiBaiOTca: TepnapHbiMH /],H4)4)epeHE,HpoBaHHH- 
MH. KBa3H;i,H4)4)epeHLi;HpoBaHHH, o6o6m;eHHbie flH(|)(|)epeHLi,HpoBaHHH h TepnapHbie 
;i,H4)4)epeHii;HpoBaHHH paccMaTpHBajiHCt b pa6oTax |13|-|22). B nacTHOCTH, nayna- 
jiHCb o6o6iLi;eHHbie h TepnapHbie /i,H43(|)epeHu,HpoBaHHH ajireSp JIh |13| , cynepajire6p 
JIh [llj . accoH,HaTHBHijix ajire6p [151 116j. o6o6ni,eHHijix ajire6p KsjiH-^HKCona fl7], 
Hop;;aHOBi,ix ajireGp |20) h ajire6p OnjinnnoBa [22] . 
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HoHHTHe TepnapHoro flHcJxJjepeHi^HpoBaHHH fljia 6HHapHOH ajire6pH flonycKa- 
eT o6o6meHHe na cjiynaii Ti-apnbix ajire6p. B flaHHOM cjiy^ae, nofl [n + 1)- 
apHbiM flH4)4)epcHn,HpoBaHHeM n-apHoii ajire6pi>i A mm no;i,pa3yMeBaeM TaKoii na- 
6op (/o, /i, . . . , /„) G HTO fljiH npoH3BOJibHijix xi, . . . , x„ G ^ Bepno 

n 

fo[xi, ...,Xn]= ^[Xl, ■ ■ -JtiXi), ■ ■ ■,X„]. 

i=l 

CoOTBeTCTBeHHO, flJIH {u + l)-apHOrO KBa3HflH4)4)epeHLI,HpOBaHHa Heo6xOflHMO flO- 

nojiHHTejiBHO Tpe6oBaTb /i = /2 = • • • = /«■ ^IcHO, HTO ecjiH ^i, . . . jipn — ajieMSH- 
TH Li,eHTpoHfla n-apHOH ajireGpti, a D — flH(|)4)epeHii,HpoBaHHe n-apHoii ajireGpti, 

TO HaGopbl 02 ''Pit '01) • • • ) V'n) H {D, D, . . . , D) — HBJiaiOTCH (n + l)-apHBIMH flHcjj- 

4)epeHii;HpoBaHHaMH. IlpHBefleHHbie ^Ba BH^a (n+ l)-apHbix flH(J)4)epeHn,HpoBaHHH, 
a TaKJKe hx jiHHeiiHbie K0M6HHari,HH, mbi 6yfleM CHHiaTb TpHBHajiBHbiMH. 5Icho, hto 
HaH6ojibmHH HHTcpec npe;];cTaBjiaeT Bonpoc Haxo}K;i,eHHH (n + l)-apHbix flHcJxJje- 
peHLi,HpoBaHHH, OTjiHHHbix OT TpHBHajiBHBix. JIcrKO saMeTHTb cjie^yiomee 

"VTBepjKfleHHe. IlycTb A — (aHTH)KOMMyTaTHBHaa n-apnaa ajire6pa h 
(/oi /i) • ■ ■ J fn) — {n -\- l)-apHoe flHcJxJjepeHi^HpoBaHHe, Tor^a fljia jiio6oh noflCTaB- 
HOBKH (7 G Sn BepHO, HTO (/o, /ct(i), • • • , fcr{n)) — (ji + l)-apHoe flH4)4)epeHu,HpoBa- 
HHe. 

/J^OKasaTejibCTBO. /I^OKasaTejibCTBO p^&miOTO 4)aKTa BbiTexaeT h3 HSBecTHoro 

yTBepjKfleHHa o pasjiojKeHHH npoHSBOjiBHOfi noflCTanoBKH b npoH3BefleHHe Tpanc- 
no3HLi,HH H OHCBHflHoro yTBep}K/i,eHHa jieMMbi ecjiH a — TpaHcno3Hi],Ha. YTBepsK/ie- 
HHe ;i;oKa3aHO. 

06o3HaHHM npocTpancTBO ^HcJjeJjepeHi^HpoBaHHH, (5-/i,H4)4)epeHn,HpoBaHHH, KBa- 
3HflH4)4)epeHn,HpoBaHHH H o6o6meHHbix flHcJseJjepeHiiHpoBaHHii, cooTBeTCTBenno ne- 
pe3 Der{A), Ders{A)^QDer{A) h GDer{A). Ohcbhaho, hto mbi HMceivi i],enoHKy 

BRJUO^ICHHii 

(1) Der{A) C Ders{A) C QDer{A) C G£ier(v4) C End{A). 

Ctoht OTMBTHTb, HTO ecjiH n-apHaa ajire6pa A c HenyjieBbiM yMHOJKenHeM h xa- 
paKTepHCTHKa nojia OTjiHHHa ot n — 1, to nepBoe BKjiiOHeHHe Bcer^a CTporoe. B 
npoTHBHOM cjiynae, b CHjiy Toro, hto TOJKflecTBenHoe OToGpajKenne aBjiCTca sjie- 
MeHTOM n,eHTpoHfla h i-flH4)4)epeHLi,HpoBaHHeM, mbi nojiynnjiH 6bi npoTHBopene- 
HHe c onpeflejieHHeM yMHOJKenHa b ajire6pe A. IIoHaTHO, hto b cjiynae 6HHapHi>ix 
ajireSp orpanHneHHe na xapaKTepncTHKy nojia aBjiaeTca ne cymecTBeHHbiM. 5Ic- 
HO, HTO KajKflaa h3 ajire6p Der{A) , Ders{A) ^ QDer{A) h GDer(A) OTHOCHTejitHO 
KOMMyTaTopHoro yMHOJKeHHa CTanoBHTca ajire6poH JIh. IlycTb Ann{GDer{A)) — 
aHHyjiaTop ajire6pbi JIh o6o6meHHbix /i,H4)4)epeHn,HpoBaHHH ajire6pbi A. OTMeTHM, 
HTO Ann{GDer{A)) ne TpHBHajien. ^eiiCTBHTejibHO, TaM jiejKaT OTo6pa>KeHHa Bnp^a 
a ■ id, Tflfi a — ajieMeHT ochobhofo nojia. 06o3HaHHM 

A{A) = GDer{A)/Ann{GDer{A)). 

TaKJKe Hac Gypfii HHTepecoBaTt CTpyKTypa ajire6pbi JIh A (A). 

Otmcthm, hto b paSoTe |12| Gbijio noKasano, hto npocTaa S-Mepnaa Tepnapnaa 
ajire6pa Majibi^eBa Mg ne hmbct neTpHBHajibHbix i^-flHcJxJjepeHi^HpoBaHHH. Hccjie- 
^OBaHHK) (n + l)-apHbix /],H4)4)epeHu,HpoBaHHH 6bijia nocBamena pa6oTa [22], r^e 
6ijIjih OHHcaHbi (n + l)-apHi>ie h o6o6iii,eHHi>ie /i,H4)4)epeHn,HpoBaHHa nojiynpocTbix 
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KOHe^^HOMepHbix ajireGp cpHjiHnnoBa nafl ajireGpaH^iecKH saMKHyTbiM nojiCM xapaK- 

TepHCTHKH Hyjlb. 

OcHOBHOii i];ejii>K) p^hmhovl pa6oTbi, pesyjibTaTbi KOTopofi aHHOHCHpoBanbi b [21], 
HBjiaeTCH HCCjieflOBaHiie o6o6iLi;eHHbix h (n + l)-apHbix flH4)4)epeHn,HpoBaHHH npo- 
CTbix n-apbix ajire6p MajibD;eBa, b cjiy^ae 6HHapHOH ajire6pbi MajibLi,eBa Mj (h, 
cjieflOBaTCjibHO, TaKJKC J11060H npocToii nejiHeBoii 6HHapH0H ajireSpbi MajibD;eBa) , 
H TepnapHOH ajire6pbi Majibi^eBa Afg . B pa6oTe flano nojiHoe onHcanne KBasHflHcJ)- 
(JjepeHi^HpoBaHHH, o6o6iii;eHHbix flHcJxJjepeHi^HpoBaHHii h (n+ l)-apHbix flH(|)4)epeH- 
n,HpoBaHHH ajire6p M7 h Mg. B HTore, c HcnojibsOBaHHeM pesyjibTaiOB [J, '12], mm 
HMeeM, HTO fijisi ajire6p Mi h Mg Li,enoHKa BKjiiOHeHHfi ([T]) npHHHMacT bh^ 

Der{A) C Ders{A) = QDer{A) = GDer{A) C End{A). 

2. 3-APHbIE flHcI><I>EPEHIJ,HPOBAHHfl BHHAPHOH AJirEBPbl MAJTbLI,EBA M7. 

Ajire6pbi Majibi^eBa, BOSHHKaiomHe b |23| . HBjiaiOTca ecTecTBennbiM o6o6meHHeM 
ajire6p JIh h yflOBjieTBopaiOT cooTHomeHHHM 

J(x, xz) = J{x,y, z)x, rfle J{x,y,z) ^ {xy)z + [yz)x + {zx)y. 

Xoponio H3BecTH0 |24) . hto cymecTBycT tojibko Oflna npocTaa nejiHeba ajire6pa 
MajibLi,eBa, KOTopoii aBjiHCTCH ceMHMepnaH ajire6pa M7, nojiynaiomaHCH h3 ajire6- 

pbl KSJIH — ^HKCOHa. 

B cjiy^ae ajireGpaHnecKH saMKHyToro nojia P xapaKTepncTHKH otjihhhoh ot 2 h 
3, B ajire6pe Mj mo>kho Bbi6paTb cjieflyiomHH 6a3HC — TaK nasbiBaeMbiH pacmen- 
jiHeMbiit 6a3HC 

Bm- = {h,x,y,z,x',y',z'} 

c Ta6jiHi];eH yMHO»ceHHH 

hx = 2x, hy ~ 2y, hz = 2z, 
hx' ^ -2.x', hy' = -2y', hz' = -2z', 
XX ~ yy — zz = ft, 
xy = 2z' , yz = 2x' , zx = 2y' , 
x'y' = -2z,y'z' = -2x,z'x' = -2y, 
vpfi Bce OTcyTCTByiomHe npoH3Be;i;eHHa paBHbi nyjiio (cm. [24]). Ka>K.iiaa TpoiiKa 
sjieMCHTOB {/i, X, x'}, {ft, y, y'}, {ft, z, z'} oSpaayeT CTaHflapTHbiii 6a3HC TpexMepnoii 
npocToii ajire6pbi JIh, a noflnpocTpancTBO P-h HBjiaeTCH KapTanoBCKOii no^ajireGoii 
ajire6pbi Afy. 

TeopeMa 1. IIpocTaa ajireGpa Majibi];eBa M7 ne HMecT HCTpuBHajibKbix 3-apHbix 
;i,H4)4)epeHLi;HpoBaHHH. 

/I^OKasaTejibCTBO. IlycTb [D, E, F) — TepnapHoe flH4)4)epeHii,HpoBaHHe ajire6- 

pbl M7. IIOJIOJKHM 

IvV. 

B 3THX o6o3HaHeHHax, (7 ■ id,^ ■ id, ^ ■ id) — Tepnapnoe flH(J)4)epeHii,HpoBaHHe. B 
flajibHeiiineM /i,OKa3aTejibCTBe TeopcMbi, TepnapHoe flHcJscjDepeHiiHpoBaHHe 

{D--fid,E-'^-id,F-yid) 
Mbi 6yfl!SM o6o3HaHaTb {D,E,F). 
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IlycTb 

W{v) = W]ih + Wlx + W^y + Wlz + Wl,x' + W^^,?/' + W^z' , 
rfle e {D, E, F}, v e Bm^ ,WZ e P. 

SaMeTHM, TITO 

D{h) = D{xx') = E{x)x' + xF{x') = 
Elh - 2E^x' + 2E^,z ~ 2E^,y - 2F^' x + 2Ff z' - 2Ff y' + F^',h. 

Ho, B TO>Ke BpeMH, 

D{h) ^ -D{x'x) ^ -E{x')x - x'F{x) = F{x)x' + xE{x') = 

F^h - 2F^x' + 2F^,z - 2F^,y - 2E^^' x + 2E^' z' - 2E'^' y' + E^',h. 
CpaBHHBafl flpSL nojiyHeHHbix paseHCTBa, mbi hmccm 

(2) Fy^, = E^, , F:, = El. , E: + F'^: = E^ + F^ ^ 0. 
Otmcthm, hto = D{xx) = E{x)x + xF{x), to ecTb 

J^X TT^X rpX IPX T?X T^X 

Fy - ty ,E^ - t ^ , E^ - tf^ . 

B TO>Ke BpeMH, = D{hh) = E{h)h + hF{h), OTKy^a 

Et^FtweBMAW- 

Torfla jierKO bhactb, hto 

2D{x) = D{hx) = E{h)x + hF{x) = 

El^x - 2E^z' + 2E^J - E%h + 2F^y + 2FJz - 2F-^,x' - 2F^,y' - 2F^,z' + F^x, 
TO ecTb 

(3) di = f^,d: = f:. 

SaMeTHM, T?TO 

-2D{x) = D{y'z') = E{y')z' + y'F{z') = 

(4) E^yrx - 2e(z' + Ey' h + + 2F^ y' - F^'h + 2F^', z + F'Jx, 
TO ecTb 

(5) 2Dl = F:;-El^Dl = ^Et,, 

(6) Dl = -F^J, , D^, = Ef; ,DI,=0, up = -F,:' . 

TaKJKC MOJKHO SaMCTHTB, HTO 



-2D^, = El, + F^, = -Fy - El = 2DI,, 

rfle nepBoe paBencTBO BbiTeKaKaeT H3 BTopoe h3 a TpeTte h3 Q nyTeM 
saMeHbi w Ha w' , rj\e w G {x, y, z}, b BbiHHCJieHHsx. 
5IcHO, TITO aHajiorHHHO mm MOJKeM nojiyHHTB 

= -D< m oy ^ -oy',. 

z z' y y 

JierKO BH/i,eTb, hto OTo6pa:aceHHe D*^ sa^aHHoe no npaBHjiy 

D*ih) = 0, D*iw) = GZw, GZ eP,we Bm, \ {h}, vpf, 
Gl + Gl + Gl = 0, GZ = -Gt^ ,w^{x, y, z}. 
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HBjiHeTCH ;i,H4)43epeH]j;HpoBaHHeM ajireGpti M7 . HosTOMy, b ;i,ajibHeflmeM mm MO>KeM 
paccMaTpHBaTb TepnapHoe flH4)4)epeHii;HpoBaHHe (D, E, F)~{D* , D* , D*), KOTopoe 
6yp,eM o6o3HaHaTb KaK (D, E, F). TaKHM o6pa30M, 

Otmcthm, hto 

D{xy') = E{x)y' + xF{y') ^ 
-2Ely' + E^h - 2E^,z + 2E^,x - 2Fl x + 2Fy' z' - 2FJ^'y' + F^'h, 

HTO flaCT 

(7) El,=Q,Fy' ^Q,El^-Fy' . 

5IcH0, HTO B /laHHbix paccyjKflCHHsx Mbi MorjiH BMecTO napbi {x,y') 6paTb napBi 
BH/ia {v,w') H {w',v), Tpfi w ^ V VL w,v Cz {x,y^ z}. TaKHM o6pa30M, MM nojiynaeM 

K' - 0, K'' =0,we BMr \ {h} H w" = w, 

(8) F^' = E^^, 

(9) F^' = -E-,. 

^OKa>KeM, HTO Z?^ = Ef^. fljia SToro otmcthm, hto BMnojiHHeTca cjieflyiomaH 
Li;enoHKa paBencTB 

2DI = F^' - El =El + Fi: = 2EI. 
IlepBoe paBeHCTBO cjie^yeT h3 ([S]). BTopoe paBencTBO BMTCKaeT h3 ([7]) h ([S]). 

nOKa>KeM, HTO Dy, = Ey, . J\W STOFO ^OCTaTOHHO 3aMeTHTI>, HTO 

Dl,=-F^ ^F^ =-El.. 

IlepBoe paBCHCTBO ecTb nocjie/inee paBencTBO b ([5]), a BTopoe — cooTHomeHiie 

TaKHM o6pa30M, mm HOKa3ajiH, hto = E^ = F^,w G \ {x}. JlerKO 
3aMeTHTB, HTO BepcH H aHajiorHHHBiH pe3yjibTaT fljiH sjieMCHTOB Bm-t \ {2;}, TO eCTb 
= EJ^ — F^,w G Bmj \{u}. 5Icho, hto D mm mojkgm Hpe/i,CTaBHTb b bh^b 
cyMMM ^H4)4)epeHn,HpoBaHHs h jiHHeiiHoro OTo6pajKeHHa /i, TaKoro hto 

fl{x') = -flxX', fl{x) = flxX, fi{w) = 0, w G Bai^ \ {x, x'}. 

Torfla {fi, E — F — D^) HBjiaeTCH TepnapHbiM /i,H4)4)epeHn,HpoBaHHeM, KOTopoe 
MM o6o3HaHHM (fj,,ip,x)j npHHCM ^ H % Ha sjieMBHTax 6a3Hca ajireGpti My fleii- 

CTByiOT CKajIHpHO, TO CCTB 

ipiw) = ipwW, xiw) = XwW fljia w G Bmt 

IToKajKeM, HTO 

(/i, ip, x) — {0,a ■ id, —a ■ id),a ^ P. 

floCTaTOHHO 3aMeTHTb, HTO 

^iwv) — il}{w)v + 'wx{v),w, V G Bmt 
OTKjjia jierKO H3BjieHb, hto 

Xy Xz Xy' Xz' ^ 
-Xh ^i'y^i'z^ Ipy' = Ipz', 
i^z = -Xy', 
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TO ecTb 

-0/1 = V'a = -0^ = i^y' = -02' = -Xh = -Xz -Xy = -Xz' = -Xy'- 

OTCio;i,a aaKjiio^aeM, hto [i^ — V'z' + Xy' — 0- nojibsyacb jiorHKOii npeflbiflymax 
paccyjKflCHHH, nojiynacM, ^ito 

0/1 = "02; = -01' = -Xx = -Xx'- 

Hto h BjieneT Tpe6yeMoe. Trkhm o6pa30M, jiio6oe TepnapHoe /;H4)c|3epeHLi,HpoBaHHe 
ajire6pbi Mj npeflCTasHMO b bh^c cyMMbi cjie/i,yioiii;Hx TepnapHbix flHcJx^epeHi^Hpo- 

BaHHH 

{D\D\D*) H ((a + /3) -id^/S -id^a-id), 

Tflfi D* — flH4)4)epeHi];HpoBaHHe ajire6pi>i Mj n a, jS € P. 

P^nsi nojiHoro flOKaaaTCjibCTBa TeopeMbi ocTajiocb ycTanoBHTb CTpyKTypy A{AIj). 
Xopomo H3BecTH0 |24| . ^^to ajire6pa ;i;H4)4)epeHi];HpoBaHHH npocToit ceMHMcp- 
Hoit ajireGpbi Majibn,eBa H30Mop4)Ha ajire6pe B^. TaKHM o6pa30M, mm nojiy^HjiH 
A{Mr) = B3. TeopeMa flOKasana. 

SaMeTHM, HTO cymecTByeT tojibko ojxhs, npocxaa nejiHCBa ajire6pa Majibii,eBa 
Ha;; ajire6paHHecKH 3aMKHyTbiM nojiCM xapaKTcpiiCTHKH nyjib (cm. [24|), KOTopaa 
H30Mop4)Ha ajire6pe Mj. OTCiofla h h3 TeopcMbi 1 hmbcm 

CjieflCTBHe 2. HpocTaH nejineBa ajire6pa Majibii,eBa nap, ajire6paHHecKH sa- 

MKHyTblM nOJieM XapaKTepHCTHKH Hyjlb He HMCCT HeTpHBHajItHblX 3-apHMx 

4)epeHn,HpoBaHHii . 

3aMeTHM, HTO nojiynpocTaH KOHeHHOMepnaa ajire6pa MajibLi;eBa A nafl ajire6- 
paHHecKH 3aMKHyTbiM nojiCM xapaKTcpHCTHKH Hyjib npeflCTaBjiacTCH b bh^c npa- 
Moii cyMMbi npocTbix H^eajiOB Ik- Torpa, cjie;i,ya cxeMe ;i,0Ka3aTejibCTB TeopeM 06 
onHcaHHH (5-flH4)(J)epeHLi,HpoBaHHH H 3-apHbix flHcjD4)epeHLi,HpoBaHHH nojiynpocTbix 
iiopflaHOBbix ajire6p (cm. [51 120|). mm mojkcm nojiynnTb hto KajK^aa KOMnoHCHTa 
3-apHoro flH4)4)epeHLi,HpoBaHHa HHBapnaHTHa na npaMOM cjiaraeMOM I^. B CBom 
OHcpeflb, corjiacHO [2] cymecTByiOT npocTbie ajire6pbi JIh o6jiaflaiomHe hctphbh- 

ajIbHMMH (5-flH4)4)epeH]j;HpOBaHHaMH (a, COOTBCTCTBeHHO, H HCTpHBHajIbHMMH 3- 

apHMMH flH4)4)epeHn,HpoBaHHaMH) , nanpHMcp, TpexMepnaa ajire6pa s/2 o6jiaflaeT 
HCTpHBHajibKbiM (— l)-/;H4)4)epeHLi,HpoBaHHeM. IIoHaTHO, HTO ajire6pa 

sh® ■ ■ .® sl2®Mr ® . . .® Mr 
^ ^ ^ ^ ^ ^ 

m cjiaracMMx ; cjiaracMbix 
aBjiacTca nojiynpocToii HCjiHeBoii ajireGpoii Majibi];eBa h oSjia^aeT HCTpiiBHajib- 
HMM 3-apHbiM flHcJxJ^epeHi^HpoBaHiiaeM. B nacTHOCTH, lO-Mcpnaa nejiHCBa ajire6pa 
MajibLi,eBa SI2 © M7. H3 npHBefleHHbix paccy}K/;eHHii BbiTCxaeT 

CjieflCTBHe 3. Ha;; ajire6paHT^ecKH 3aMKHyTbiM hojicm xapaKTcpHCTHKH nyjib 
cymecTByiOT nojiynpocTbie HejiHCBbie ajire6pbi MajibLi,eBa c HCTpHBHajibHbiMH 3- 

apHMMH flH4)4)epeHLl,HpOBaHHaMH. 

Hcnojib3ya pesyjibTaibi A. H. FpHniKOBa [23] 06 OTcyTCTBHH npocTbix kohchho- 
MepHMx GiiHapHO-jiiieBbix ajire6p nafl ajire6paHTiecKH 3aMKHyTMM nojiCM xapaKie- 
pncTHKH Hyjib, OTJIHIHMX OT ajire6p Majibn,eBa h ajireSp JIh, a TaKsce, TCopcMy 1, 
MM nojiy^acM 

Cjie^cTBHe 4. Ecjih npocxaa KOHeHHOMepnaa 6HHapH0-jiHeBa ajireSpa hmcct 
HeTpHBHajibHbie 3-apHMe flH4)4)epeHn,HpoBaHHa, to ona ajireGpa JIh. 
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3. 4-APHbIE flHcpcPEPEHI^HPOBAHHH TEPHAPHOH AJIFEBPbl MAJIbLI,EBA Mg. 

B CBoe BpeMs [26], B.T. OHjinnnoBbiM 6bijio npefljiojKeno neKoe o6o6meHHe aji- 
re6p JIh na cjiyiaii n-apnoii oncpan,HH. B nocjie/i,CTBHH, /i,aHHbiii Kjiacc ajireGp 
nojiyHHji HasBaHHe ajire6pbi OnjinnnoBa. 

Kjiacc n-apHbix ajire6p MajibD;eBa 6biji onpe/iejien b [27], KaK HeKOToptiii ecTe- 
CTBeHHbiii Kjiacc n-apHbix ajire6p, co;];epjKamHH Kjiacc n-apHbix ajire6p bcktopho- 
ro npoH3Be;i;eHHH. Ha caMOM ^ejie, jiio6aa ajire6pa OnjinnnoBa sBjiaeTca n-apHoii 
ajire6poH MajibLi,eBa. K HacTOHmeMy bpcmchh eflHHCTBeHHbiM hsbccthbim npHMe- 
poM npocToii rt-apHoit ajire6pbi Majii>Li;eBa, ne aBjiHiomeiicH ajire6poH cpHjinnnoBa, 
cjiyjKHT npocTaH TepnapHaa ajire6pa Majibi^CBa Afg, BOSHHKaiomaH na S-Mepnoii 
KOMno3Hi];HOHHOii ajire6pe. B CBoe BpeMH, flH4)4)epeHn,HpoBaHHH TepnapHOH ajire6- 
pbi Afg SbijiH onHcaHbi b pa6oTe [28J, a b pa6oTe [29j Gbijio nocTpoeno ee KopneBoe 
pasjiojKeHHe h BBepfina CTpyKTypa Zs-rpaflynpoBKH. 

n-ApHbiM HKo6HaHOM Mbi HasbiBacM cjieflyiomyio 4)yHKii,Hio, onpeflejieHHyio na 
n-apHOH ajirc6pe: 

J{xi,...,Xn;y2,---,yn) = 

n 

[[Xl, . . .,X„],y2, ■■■Vn]- X^t^l' ■ --d^i^y^, ■ ■ ■,yn], ■ ■ ■,Xn]- 

i=l 

Hs onpe/i,ejieHHa cjie/iyeT, hto ecjiii A — n-apnaa ajire6pa OnjinnnoBa, to 
J{xi, ...,Xn;y2,-- • ,yn) = 

AJIH BCex Xl, ...,Xn,y2,---,yn G A. 

n-ApHoii ajire6poH MajibLi;eBa (n > 3) mh nasbiBaeM ajire6py L c opjiovL aniH- 
KOMMyTaTHBHOH n-apHOH onepai^Hcii [xi, . . . y;i,OBjieTBopsK)LLi,eii TOJKflecTBy 

-J{zR^,X2, ...,x„;y2,-.-,yn)^ J{z,X2, ...,x„;y2,-- ■,yn)Rx, 

Tflfi Rx — Rx2,....x„ — onepaTop npaBoro yMHO>KeHHa: zR^ = [z, X2, • ■ • , a;„]. 

^ajiee nojiaracM, hto P — nojie xapaKTepHCTHKii, otjih^^hoh ot 2,3, h o6o3HaHa- 
eM ^epes A — KOMnosHi^HOHnyio ajire6py na/i, F c HHBOjiK)n,Heii a — > a h eflHHHi^eii 1 
(cm., HanpHMcp, [30] ). CHMMeTpHnecKyio SHjiHHeiiHyio (JaopMy {x,y) — ^(xy + 
onpeflCjieHHyK) na A, npeflnojiaracM HeBbipojKfleHHOii h nepes n{a) o6o3HaHaeM 
HopMy sjieMBHTa a ^ A. OnpeflCjiHM na A TcpnapHyio onepan,Hio yMHOJKCHHH [•,-,•] 
npaBHjiOM 

[x, y, z] = xyz - {y, z)x + {x, z)y - [x, y)z. 

Torfla A CTanoBHTca: TepnapHOH ajire6poH Majibi];eBa [27J, KOTopaa o6o3HaHaeTca 
nepes M{A), a ecjiH dim{A) = 8, to ^lepes Afg. 

HanoMHHM, HTO ^H4)4)epeHii,HpoBaHHeM TepnapHOH ajireGpti Afg nasbiBaiOTCH 
jiHHeiiHbie OToGpajKeHHH D npn npoH3BOjiijHbix sjieMenTax x,y, z € Afg y;i,OBjieTBO- 
pHioiuHe paBencTBy 

D[x, y, z] = [D{x),y, z] + [x, D{y),z] + [x, y, D{z)]. 

B pa6oTe [28] 6hjio onHcanbi flH4)4)epeHn,HpoBaHHa TepHapnofi ajire6pbi Majii>n,eBa 
A/g, rfle 6bijio noKasano, hto KajK^oe flH4)4)epeHn,HpoBaHHC HBjiaeTCH BHyTpennHM, 
TO ecTb 

Der{Ms) = {[Rx,y,Rx,.]+R x,[y,x,z] l^^j 2/: Z e A/g). 
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Otmcthm, hto b Toii >Ke pa6oTe 6biji nocTpoen 6a3nc Der{Ms): 
B = { A23 - Ai4, A24 + Ai3, A25 - A16, A26 + Ai5, A27 + A18, 

A28 — Ai7, A34 — A12, A35 — Ai7, A36 — A18, A37 + Ai5, 
A38 + A16, A45 - A18, A46 + Ai7, A47 - A16, A48 + Ai5, 
A56 - A12, A57 - Ai3, A58 - Ai4, A67 + Ai4, A68 - A13, A78 + A12}, 

rfle Ay = Cij — Cji h e^- — o6biHHbie MaTpn^Hbie eflHHHHKH. 

no;; 4-apHijiM flHcJxJjepeHi^HpoBaHiieM TepnapHOH ajire6pH A/8 mm no^pasyMe- 
BaeM HCTBepKy (Z), E, F, G) G End(A)*, TaKyro hto /i,jia: npoHSBOJitHbix ajieivieHTOB 
x,y, z G Mg, BepHO 

D[x,y,z] = [E{x),y,z] + [x,F{y),z] + [x,y,G{z)]. 

riycTb 1, a, &, c — opTOHopMHpoBaHHBie BCKTopa H3 A. BbiSepeM cjieflyiomnii 6a- 
3HC B A: 

p = {ei = 1, 62 = a, 63 = 6. 64 = ab, 65 = c, eg = ac, 67 = be, es = ahc}. 

HsBecTHO, HTO fljiH KajKfloro i G {2,..., 8} bosmojkho Bbi6paTb j, k,l,m, s,t, 
saBHCHmHe OT i, TaKHe, hto 



(10) e, = CjCk = e/e„i = egCt, 

(11) Bj = esCm = efcCj = etej, 

(12) efe = CiCj = e,net = CsCi, 

(13) e; = CmCi = CfeCs = CjCt, 

(14) Cm = e^e/ = etCfe = Cj-es, 

(15) Be = e/Bfe = etCi = Cmej, 

(16) ct = CjCs = efee™ = e/Cj. 



TeopeMa 5. HpocTaH TepHapnaa ajire6pa MajiBn^eBa Ms ne hmcct HCTpHBHajiB- 

HblX 4-apHI>IX flH4)4)epeHLI,HpOBaHHH. 

/l^oKasaTejiBCTBO. IlycTb {D,E,F,G) — 4-apHoe flH4)4)epeHLi,HpoBamie ajire6- 
pbi Ms- OnepaTop npaBoro yMHOJKeHHH Rx,y nasbiBaeTCH peryjiapHbiM, ecjiH b (|)ht- 

THHrOBOM paSJIOJKeHHH M = Mo ® Ml OTHOCHTejIBHO Rx,y pasMepHOCTb Mq mhhh- 

MajiBHa [29J. CorjiacHO }29i TeopeMa 1], mbi HMeeM KopneBoe pasjiosKCHHe ajire6pbi 
Ms : M = Mq ® Ma © M-a, r^e a ^ F TaKoii, hto vRx.y = ±av pjia jik)6o- 
vo V & M±a. TaKJKe h3 |29i JleMMa 3] nsBecTHO, hto na TepnapHoii ajire6pe Mg, 
cymecTByeT HeTpHBHajiBHaa rpaflynpoBKa. Ecjih mh oGosnanHM M±a '^epes M±i, 

TO 

[Mi,Mj,Mk] C Mi+-,-+fe(mod3)- 

SaMeTHM, TJTO corjiacHO [29' JleMMa 1], onepaTopti iiep.e, npn p ^ q hbjihkjtch 
peryjiapHbiMH, cjieflOBaTejibHO, Bepno 

D\e.p, Bp, Bq] — [E[ep), Cp, Cq] + [cp, F[ep), Cg] + [ep, Cp, G(eg)] , 

TO ecTb 

[E{ep),ep, Cq] - [F(ep), Cp, eg] = 0. 
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HocjieflHee, b CHjiy peryjiapnocTH onepaTopa Re^.e^ h Zs-rpaflynpoBKH AIs, BjieieT, 
HTO E{ep) — F{ep) — S^pCp. AHajiorH^^Hoe sepHO h jijia napbi OToGpajKCHHii F n G. 

TaKHM o6pa30M, MBI MOSCeM CHHTaTb, HTO 

(17) E; = F; = G^, npH p ^ r. 
Bjiaroflapa TOMy, hto 

D{es) = D[e^,ej,ei] = [E{ei),ej,ei] + [a, Fiej),ei] + [e^, e^, G(ez)], 
BbinojiHHB cooTBCTCTByiomHe onepaii,HH yMHOJKeHHit, mbi HMeeM 

8 

(18) ^^ep = E}et + E]es + E^e^ - E^Ck - E^e, - Elei+ 
p=i 

Fje^ + F/e, - F/e* - Ff ei - F/e^ + F/efc - 

G]ek + Gf ei + G\e, - G^et - G^ei + G*e„, 

(k npHMepy, [ej,e/,efe] = {eiel)ek = {eie.i)ek = -emCu = CkCm = et). CjieflOBaTejib- 
HO, jierKO BbiTCKacT = —Ef^Dl — —F^,Dl, — — G*. TaKHM o6pa30M, nojibsyHCb 
cooTHomeHHeM (jl7p . mbi MO>KeM CHHTaTb, HTO DP = ~Ep, r^e p e Z}. IIpo- 
HSBOjibHOCTb HHfleKca i H cooTHOineHHs (|10m6p no3BOjiaiOT HaM cflejiaTb bbibo/i,, 

HTO 

(19) DP^-E^^-F^^-G;, rAep,ge {1,...,8} iip/q. 
IlojibsyHCb cooTHOineHHaMH (|19p h yHHTbiBaa psp . mbi MOsceM nojiyHHTb 



(20) Dl = -Dl + Di + Dl,, 

(21) = Dl+Di^-Dl 

(22) = 

(23) D^^ = Z?j„-i?^+i?l. 

yHHTbiBaa: cooTHomeHHH ()20ll23p . 6a3HC ajire6pi>i Der(Mg) h tot cjDaKT, ^ito 
(D* , D* , D* , D*) — 4-apHoe flHcJxJjepeHi^HpoBaHHe fljiH D* G Der(Ms), mbi mo- 
>KeM CHHTaTb, HTO MaTpHn;a [13] p HBjiaeTCH BepxHCTpeyrojibHoii. 3to fleflcTBHTejib- 
HO BepHO, BCflb ajire6pa 4-apHbix flH4)4)epeHn,HpoBaHHH HBjiaeTCH saMKHyToii otho- 

CHTCJIbHO CJIOJKCHHa H, CJieflOBaTCJIbHO, Mbl MOJKCM o6HyjIHTb BCC K034)(J)raiHeHTbI 

B HHJKHeM TpeyrojibHHKe nacTH MaTpHn;bi [D] p , HOcpeflCTBOM BbiHHTanHa cootbct- 
CTByiom,Hx ;i,H4)4)epeHD;HpoBaHHH h3 OTo6pa»ceHHa D. 

HojiyHeHHoe 4-apHoe ;],H4)4)epeHD,HpoBaHHe mm Gy^eM oGosHanaTb KaK h Hpe}K;],e 

{D, E, F,G) H BHflHM, HTO 

D{e^) = D% H T{e^) = ^ T^e^, r^e D^,T^ ePiiTe{E,F, G}. 

/3<7 7</3 

JierKO saMCTHTb, hto 

D[ee, 67, eg] = [E{ee),e7, eg] + [ee, F(e7), eg] + K, ey, G(e8)] = (F^ + F/ + G^)e5, 
TaKHM o6pa30M, 13(65) = ^565. AnajiorHHHO nojiynacM 

D[e5, 67, eg] = [F(e5), 67, 65] + [65, F(e7), 63] + [65, 67, G(68)] = (Ff + F/ + G^)66, 
TO ecTb, DIcq) — DqCq. Tenepb jierKO BH;!;eTb, hto 

F»[e5, 66, eg] = [F(e5), 66, 63] + [65, F(e6), 63] + [65, 66, G(68)] = (Ff + F^ + G^)67, 
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HTO Bjie^^CT 0(67) = DIjCj. HojibayHCb npeflbiflymiiMH paccyjKflCHHHMH hmcbm 
L»[e6, 65, er] = [^^(ee), eg, 67] + [eg, ^(es), ey] + [eg, 65, 0(67)] = (£^6 + + ^7)68, 
OTKy/i,a cjie/iyeT, hto D{es) = -Dfes- 3aMeTHM, hto 

Did + Dle2 + Dies = Dies) = D[e4, £5, eg] = 
[£(64), 65, eg] + [64, F(65), eg] + [64, 65, G{ee)] = {E^ + F| + Gl)es + Ele^ + E^ej 

H 3HaHHT -0(63) = -D363. OcTajIOCb SaMeTHTb, HTO -0(64) = -D|64 H ^(62) = ^262- 

3to BbiTeKaeT h3 cooTHomeHHit 64 = [65,63,65] h 62 = [67,64,65], cooTBeTCTBenHO. 
TaKHM oGpasoM, mbi noKaaajin, hto -D(e^) = D^e-y h, cjieflOBaTCJiBHO, 

IlycTb x,y, z HCKOTopbie pasjiHHHtie sjieMCHTbi h3 SasHca p. Tor/ia mo>kho sa- 

MBTHTb, HTO 

[£;(a::),y,z] + [x, z] = D[a;,y,z] - [a;,y,G(z)] = [F{x),y,z] + [x,E{y),z], 

TO ecTb, MOJKHO nojiyHHTb, HTO Ex — Fx = Ey — Fy. OiKy^a mojkho aaKjnoHHTb, 
HTO E = F + a ■ id npn HCKOTopoM a G Mg. AnajiorH^HO mojkho nojiyHHTb, hto 
G — F + /3 ■ id npH HCKOTopoM (3 G Mg. OTCK);i,a cjie^yeT, hto 

(£», F,G) ^ {D,F + a-id,F,F + (3- id). 

B CHjiy Toro, hto ((a + P) ■ id, a ■ id, 0, /3 • ic?) — 4-apHoe flncjaeJ^epeHi^HpoBaHHe, 

MOJKeM CHHTaTb, HTO 

OcTajiocb noKaaaTb, hto D = 3F — 3f ■ id, f E P. JX-Jisi SToro saivieTHM, hto b CHjiy 
Toro, HTO {D, F, F, F) — 4-apHoe flH(|)4)epeHii,HpoBaHHe, Bepno 

(24) D, = F, + Fj+Fu 

(25) Dt = F, + Fk+Fi, 

(26) Dt = F, + Fj+F^, 

(27) Ds = J^. 

BbiHHTaa H3 p4p paBencTBO psp ii h3 p6p paBCHCTBO p7p . mbi nojiynacM 

Ds-Dt = Fj - Fk =Dt- Ds. 

OTKy^a, BH^M, TJTO Dt = Ds H Fj — Fk. /^eiicTByio anajiorHHHO, Mbi nojiy^HM 
D = 3F = 3/ • id. TaKHM o6pa30M, mm noKa3ajiH, hto nponsBOJiBHoe 4-apHoe ahcJ)- 
(J)epeHLi,HpoBaHHe TepnapHoii ajire6pbi Majibn,eBa Mg npe^CTasHMO b BH/i,e cyMMbi 
4-apHbix flH4)4)epeHLi;HpoBaHHH cjieflyiomnx bh^ob 

3 

{D*, D* , D*, D*) H ai ■ id, ai ■ id, a-i ■ id, 013 • id), 

rfle D* e Der{Ms) n ai e P. 

P^nsi nojiHoro flOKasaTejibCTBa TeopeMbi naM Heo6xoflHMO otmcthtb, hto b |28| 
noKaaana CTpyxTypa ajire6pi>i flH4)4)epeHii,HpoBaHHfi TepnapHoii ajireGpti Majibn,e- 
Ba Mg. A HMeHHO, flOKaaan h30mop4)H3m c ajire6poH B3. TaKHM o6pa30M, jierKO 
BHfleTb, HTO A(Mg) ^ ^3. TeopeMa ^OKasana. 

B peayjibTaTe, h3 TeopeM 1 h 5 BbiTCKaeT 

CjieflCTBHe 6. A(M7) = A(Mg). 
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B 3aKjiiOHeHHe, asTop BBipajKaeT 6jiaroflapHOCTij npoej). B. H. >Kejia6iiHy h 
npocj). A. n. no>Kii^aeBy sa BHHMaHiie k pa6oTe h KOHCTpyKTHBHbie aaMenaHiiH. 
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